Proc. 4-th IEEE International Conference on Computer Vision, Berlin, May 1993

Mathematical Morphology:
The Hamilton-Jacobi Connection
A. B. Arehart
Brown University
Providence, RI 02912

L. Vincent
Xerox Imaging Systems
Peabody, MA 01960

Abstract

In this paper we complement the standard algebraic view of mathematical morphology with a geometric, di erential view. Three observations underlie
this approach: 1) certain structuring elements (convex) are scalable in that a sequence of repeated operations is equivalent to a single operation, but with a
larger structuring element of the same shape; 2) to
determine the outcome of the operation, it is sucient to consider how the boundary is modi ed; 3)
the modi cations of the boundary are such that we
can move each point along the normal by a certain
amount, which is dependent on the structuring element. Taken together, these observations, when the
size of the structuring element shrinks to zero, assert
that mathematical morphology operations with a convex structuring element are captured by a di erential
deformation of the boundary along the normal, governed by a Hamilton-Jacobi partial di erential equation (PDE). A second theme of this paper is to show
that mathematical morphology operations can be numerically implemented in a highly accurate fashion as
the solution of these PDEs.

Introduction In this paper we complement the

standard algebraic view of mathematical morphology
with a geometric di erential view. Classically, mathematical morphology treats binary images as sets and
grayscale images as functions and operates on them
in the spatial domain via morphological transformations, using structuring elements [17, 27, 5, 28]. While
there is a growing interest in applying mathematical morphology to abstract spaces such as lattices
[28, 6], graphs [29] or manifolds [20], our interest lies
in considering geometric interpretations of morphological transformations; see also [2, 4, 25]. We restrain
ourselves to the Euclidean plane and consider the morphological operators : IR2 ,! IR2 transforming a set
(shape) into another set. In this framework, we formulate basic morphological operators as partial di erential equations governing the geometric evolution of
the shape.
To illustrate our approach consider the dilation
transformation of a shape with a disk structuring element. The transformed shape is the union of all disks
centered on points of the original shape. The boundary of the transformed shape is a curve parallel to the
boundary of the original shape with a distance equal
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to the radius of the disk. This is precisely Huygens'
principle for wavefront propagation [7, 10], relating
operations on algebraic constructs, i.e., sets of points
and operations on geometric entities, i.e., curves representing the boundary. We will now show that this is
true for all convex structuring elements, by studying
morphological operations in a shape evolution framework.
The geometric evolution of shapes was extensively
studied by Kimia et.al. [9, 13]. Their \shape from deformation" framework captures the essence of shape
through the deformations of it which were shown to
be modeled geometrically as follows: Consider a shape
represented by the curve C0 (s) = (x0(s); y0 (s)) undergoing a deformation, where s is the parameter along
the curve (not necessarily the arclength), x0 and y0 are
the Cartesian coordinates and the subscript 0 denotes
the initial curve prior to deformation. Now, let each
point of this curve move by some arbitrary amount
in some arbitrary direction; see Figure 1. It can be
shown that all deformations reduce to an equivalent
deformation along the normal described by
 @C
= (s; t)N~
@t
(1)
C (s; 0) = C0 (s);
Observe that when (s; t) = 1; the evolution describes
unit movement along the normal which, through an
application of Huygens' principle, is equivalent to the
morphological operation of dilation with a circular
structuring element. Similarly, (s; t) = ,1; corresponds to erosion with a circular structuring element.
It is therefore reasonable that alternate forms of ,
should correspond to interesting morphology operations, as we will show in this paper. For a review of
mathematical morphology see [1], and [17, 27, 5, 28].

Mathematical Morphology and Geometric
Evolution The geometric view of the algebraic operations of mathematical morphology, is founded on
three observations. First, observe that for a class of
convex structuring elements B^, n repeated dilations
(or erosions) with a structuring element B 2 B^, is
equivalent to a single dilation with a structuring element of the same shape, but which is \scaled up" n
times. Let us denote a structuring element scaled by
 as B(). For example, 10 dilations with a circle of
radius of 1, B(1), is exactly a single dilation with a

Therefore, the mathematical morphology operation of
dilation with a structuring element of size t is governed
by the partial di erential equation
 @C
= (s; t)N~
(4)
C@t(s; 0) = C0 (s);
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where (s; t) = @ ,(@
, and C0(s) is the boundary of
the original shape. Note that at singular points, the
deformation is handled by notions of weak solution,
shock, rarefaction wave, and entropy in the context
of the \shape from deformation" framework, as introduced in [8, 9, 13].

A
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Figure 1: The points on the initial curve A move to B
to generate a new curve. The direction and magnitude
of this motion is arbitrary in order to capture general
deformations.
circle of radius 10, B(10). The class of structuring elements B^ for which this property holds is exactly the
set of convex structuring elements [17, Theorem 1.5.1,
pp. 22{23]. Now, conversely, given a single operation
with a convex structuring element, the operation can
be decomposed as a sequence of n operations with
the same structuring element but of \size" 1=nth the
original. In the limit, as n ! 1, this notion of size
constitutes the \time" axis for the di erential deformation.
Second, observe that the outcome of mathematical
morphology operations with a shape S , can be determined solely from its boundary, @ S [29]. Thus, the
mapping form the shape S to S 0 by morphological operations
can be reduced to operations taking @ S to
@ S 0. As such, appropriate geometric evolution of the
boundary can model algebraic mathematical morphology operations on shapes as sets.
Third, we now show that for a suciently small but
nite structuring element, mathematical morphology
operations along the smooth portions of the boundary
can be viewed as a deformation along the normal by
a certain amount, Figure 1. Formally, let some shape
C (s; t) evolve by a mathematical morphology operation, say dilation, by some structuring element B()
of size , to a new shape C (s; t + ). This evolution
can be represented as
C (s; t + ) , C (s; t) = ,(s; t; )N~ (s; t); (2)
where , is the distance along N~ that a point on the
boundary moves in a dilation operation with a structuring element of size . Since ,(s; t; 0) = 0, using (2)
in the limiting case as  ! 0,

@ C = lim ,(s; t; ) N~ = @ ,(s; t; 0) N:
~
@t !0 
@

(3)

Morphological Evolution is Independent of
Original Shape In the above model, depends on

the structuring element and the original shape. Since
the boundary of the transformed shape is the union of
all structuring elements centered on the boundary of
the original shape, the amount of deformation along
the normal , is the maximum deformation implied by
each. For a nite size arbitrary structuring element,
the maximal deformation may (and often is) attained
by a structuring element that is not centered at the
point to be deformed. This points to the possibility
that the maximal deformation may depend on the local shape, e.g., curvature, of the original set. It is
intriguing, however, this is not the case and in fact ,
the amount that each point moves out along the normal, does not depend on the \shape" of the original
set, but rather only on the its orientation:

Theorem 1 The amount of di erential deformation,
, of a shape S at a point P due to dilation (erosion)
with a convex structuring element B, is the maximal
(minimal) projection of B onto the normal N~ of the
boundary at P .

Corollary 1 The di erential deformation, , at a
point P of the boundary, does not depend on f , the
function representing the local boundary of the shape
S at P .

Proof: For simplicity, and without loss of generality, we consider dilations; by duality, the approach
also applies to erosions. Let S be an arbitrary shape
being operated on by a structuring element B. We

will derive the deformation at an arbitrary point P
on the boundary. Consider the local coordinate system formed by the tangent T~ and normal N~ at P and
represent the shape S locally in this coordinate system as (!; f (!)); Figure 2. Note that by construction,
f (0) = 0 and f 0 (0) = 0. To determine , we will
move the center of the structuring element B over the
boundary (which is parametrized by !), determine the
intersection of B with the normal, (!; ); determine
the maximum deformation over all !, ,(), and then
take the limit as the size of the structuring element
 ! 0. It is important to emphasize that when the
structuring element has nite size, the maximal intersection ,() is not necessarily attained when the

structuring element is centered at the point of deformation, P . However, we now prove that di erentially
the deformation is attained by the maximal projection
of B centered at P .
Denote the graph of the unit structuring element
in (T~ ; N~ ) as (; h( )), where min    max . The
scaled structuring element at scale  is then described
by (; h(  )); where min    max : To nd the
intersection of B centered at (!; f (!)); and the normal
N~ , denoted by (!; ), we solve for  in the following

 , f (!) = h( ,! ) min   , !  max
 = 0;
(5)
so that
(!; ) = f (!) + h( ,! ):
(6)
By de nition, ,() is the maximum of over !, where
the point of maximum is denoted by () = !max ().
To ensure that gives a maximum of ,
( @()
= f 0 ( ) , h0 ( , ) = 0:
@!
(7)
@2 ( )
= f 00 ( ) + 1 h00( , ) < 0:
@!2
The latter is guaranteed for small enough
 by convexity of the structuring element h00 ( ) < 0: Rather
than solving for , recall that we seek , the amount
of di erential deformation, where
@, ;
= lim
(8)
!0 @
,() = f ( ()) + h( , () );
(9)
and where is determined from (7) as

f 0 ( ) , h0 ( , ) = 0:

(10)

Note that
@, = f 0( )
,
0 ,
 + h(  ) + h (  )[,  +  ]
@
,
0
0
= [f ( ) , h (  )]  + h( , ) + h0( , ) 
= h( , ) + h0 ( , )  ;
(11)
so that
 ,

0( , )
= lim
h
(
)
+
h
(12)
!0

  :
Observe that since depends on f , (10), then it would
seem that is also dependent on the shape of the
original set, f . However,

lim!0 0 = 0 0
(13)
lim!0 f ( ) = f (0) = 0;

together with (10) implies that
lim h0( , ) = 0;

(14)

, ):
= lim
h( , ) = h(lim
!0 
!0 

(15)

!0

leading to the observation that

Since we are only interested in , let x0 = lim!0( , )
and rewrite (15) and (14) as

= h(x0)
(16)
h0 (x0) = 0:
Stated di erently, to obtain at a point P , nd the
maximal projection of the structuring element, represented by h onto the normal N~ .
While in the above theorem it was assumed that h
is di erentiable, the theorem also holds for a piecewise
smooth function, h.

Examples of

Theorem 1 allows us to determine
and then numerically simulate the di erential equation. Since the projection of a circle is its radius, then
= 1 for a circle, as we have seen before. A more
interesting example is an ellipse; it is not dicult to
show the following lemma [1]:

Lemma 1 Consider an ellipse structuring element B,
with major and minor axes (2A; 2B ), and orientation
B (i.e., the angle between its major axis and the x-axis
is B ). Then dilations with B are equivalent to

 @C
= ((s; t))N~
(17)
C@t(s; 0) = C0(s);
where  = 6 (T~ ; x-axis) and
q
() = A2 sin2( , B ) + B 2 cos2( , B ): (18)
Similarly, it is not dicult to obtain for other
structuring elements, e.g., square, diamond, rectangle, etc, [1].

The Hamilton-Jacobi Connection Thusfar, we

have shown that mathematical morphology operations can be modeled as geometric evolution governed
by a partial di erential equation as in (4), where
is a function of the orientation of the boundary,
 = 6 (T~ ; x-axis): Unfortunately, direct simulations of
equation (4) are not robust! Observe that shapes undergoing morphological operations change their topology in that they merge and split, leading to problems
in administrating newly formed boundaries and annihilated ones. In addition, as shapes evolve, some
boundary points bunch-up and merge to form singularities, leading to numerical errors. Typically, a

Y

N

T
N

T
New Boundary

Structuring Element

N

N
γ
(ω, f (ω))

T
ω

T
T

N
Original Boundary

X

Figure 2: Morphological operations in the extrinsic and intrinsic coordinates for an arbitrary convex structuring
element.
reparametrization is employed, but this is at the expense of smoothing singularities, the salient features
of shape. Finally, numerical simulations of boundaries
are prone to a buildup of discretization error.
To e ectively deal with these problems, we embed
the original evolution equation in a higher dimension.
This is achieved by representing the evolving curve as
the zero level set of an evolving surface. Observe that
the evolving surface can handle topological events and
since the grid is xed, no resampling is needed. There
are more subtle arguments for re-posing the curve evolution problem as a surface evolution problem; for
more details see [13, 11].
Formally, let z = 0 (x; y) denote the initial surface,
which is obtained from the initial curve by placing a
\tent" on it, e.g., its distance transform [22]. If the
evolving surface, z = (x; y; t), satis es

t + (2x + 2y )1=2 = 0
(19)
(x; y; 0) = 0(x; y);
then its zero level set evolves according to (4), [13].
Since we have already shown that = ((s; t)) and
since
(,y ; x) ;
(cos ; sin ) = q
(20)
2x + 2y
it is clear that is a function of x and y , namely,
only the rst derivatives of . Therefore, equation (19)
can be rewritten as

t + H(x ; y ) = 0
(21)
(x; y; 0) = 0(x; y);
where H(x ; y ) = (x ; y )(2x + 2y )1=2 is the Hamiltonian associated with this Hamilton-Jacobi equation.
These equations are of paramount signi cance in the
physical sciences, also referred to as the canonical, or

the eikonal equation. A number of computer-vision
problems can be modeled using Hamilton-Jacobi equations [13, 12, 14, 16, 23].

Numerical Implementation In addition to theo-

retical implications, theorem 1 when written as (21),
leads to a robust, highly accurate numerical method
for the implementation of morphological transforms.
While fast, accurate methods for implementing mathematical morphology have been previously devised,
these methods are for a restricted class of structuring elements. In addition iterating mathematical morphology operations for certain structuring elements leads to numerical inaccuracy. In contrast, our
method implements an ecient discrete iteration of
arbitrary convex morphological transformations that
are currently not realizable via existing methods.
A variety of algorithmic methods have been proposed in literature to implement morphological transformations [32]. These include: parallel algorithms, sequential algorithms [21], algorithms based
on queues [32], loops [26], quadtrees [24], run-length
encoding [19], etc. Although at least two classes of algorithms (queues and loops) are well suited to implementing successive dilations with (small) structuring
elements, Figure 3, none of these methods can deal
with structuring elements which are not digitally scalable:

De nition 1 Let B denote a convex compact set of
IR2 and d(B) denotes its Z2 digitization: d(B) = B \
Z2 . We say that B is digitally scalable if and
only if

where,

8n  1; d(nB) = nd(B);
nB = B|  B {z    B} :
n

times

(22)

Figure 3: This gure illustrates the dilation of a rectangle by a structuring element of the same shape, implemented
using the algorithm presented in [31]. Left to right: the original rectangle; theoretically expected rectangle; the
rectangle dilated in a single step and superimposed on the original; the rectangle dilated iteratively. The results
for the rectangle are indeed accurate, as the rectangle is digitally-scalable.
Typically, a square or a rectangle structuring element
is scalable, but an ellipse or a disk is not. As Figure 4
illustrates, iterated dilations of a structuring element
in the discrete domain may not yield a single dilation
with a larger structuring element as in the continuous
domain. It appears that the scalability of structuring
elements does not carry over to the discrete domain
for all structuring elements. While algorithms have
indeed been published to compute Euclidean distance
functions [3, 30, 18, 15], from which successive dilations by disks can be derived by simple thresholding,
more complex convex non digitally scalable elements
are intractable.
In contrast, the numerical simulation of the
Hamilton-Jacobi equation (21) deals with such structuring elements and is not amenable to such discrete
errors. Figure 5 illustrates the iterated dilations of an
ellipse with an in nitesimal elliptical structuring element of the same shape. As expected, the dilations at
any step in the iteration represent an ellipse and the
boundaries are represented highly accurately. Our algorithm is best suited for applications where incremental morphology is necessary, or where the dynamics of
dilations/erosions is of interest. In general, it handles
topological merging and splitting as well, making it
possible to detect when, e.g., some connected components have merged. For a more detailed description of
these simulations see [1, 13, 11].
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