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Abstract

Granulometries constitute one of the most useful and versatile
sets of tools of morphological image analysis. They can be
applied to a wide range of tasks, such as feature extraction,
texture characterization, size estimation, image segmentation,
etc., both for binary and for grayscale images. However,
for most applications, traditional granulometry algorithms—
involving sequences of openings or closings with structuring
elements of increasing size—are prohibitively costly on non-
specialized hardware. This has prevented granulometries from
reaching a high level of popularity in the image analysis com-
munity.

This paper addresses the computational aspect of granulome-
tries and proposes a comprehensive set of fast algorithms.
In binary images, all but the simplest cases (namely linear
granulometries based on openings with line segments) require
the prior extraction of opening transforms (also referred to as
“granulometry functions”). A very efficient algorithm is pro-
posed for the computation of the most useful opening trans-
forms. In grayscale images, linear granulometries are consid-
ered first and a particularly efficient algorithm is described.
The concept of an opening tree is then proposed as a gray ex-
tension of the opening transform. It forms the basis of a novel
technique for computing granulometries based on maxima of
openings by line segments in different orientations, as well as
pseudo-granulometries based on minima of linear openings.
The efficiency of this set of algorithms greatly increases the
range of problems that can be addressed using granulometries.
A number of application are used throughout the paper to il-
lustrate the usefulness of the proposed techniques.

1 Introduction

The concept of a granulometry was introduced by George
Matheron in the late sixties as a new tool for studying porous
media [15] (See also [6] for related work). The size of the
pores in such media was characterized using series of open-
ings with structuring elements of increasing size [22]. The
theoretical study of these operations led Matheron to propose
the following definition:

Definition 1 Let ¥ = (1))x>0 be a family of image transfor-
mations depending on a parameter A. This family constitutes
a granulometry if and only if the following properties are sat-
isfied:

YA >0, ¥y IS increasing, ()
YA >0, ¥ 1S anti-extensive, 2
VA > O,M >0, 1/})\1/}u = ’l/}u'l/})\ = ¢max()\,u) (3)

Property (3) implies that for every A > 0, ¢ is an idempotent
transformation, that is: ¥ x1x = 1. The following character-
ization of granulometries can therefore be proposed:

Proposition 2 A family ¥ = (¢)»)x>0 of image transforma-
tions depending on a unique parameter X is a granulometry if
and only if it forms a decreasing family of openings, that is:

VYA >0,
VA>0,u >0,

1) IS an opening, 4
A2 p =P < Y. ©)

Recall that an opening is defined as an operation that is idem-
potent, increasing, and anti-extensive. For more information
on openings, closings, and other morphological concepts, see
[22, 23]. Another useful reference, focusing on the practical
aspects of these operations, is [32].

The above proposition does not require the openings ¢ , to be
morphological openings, that is to be based on a structuring
element [22]. Algebraic granulometries based on algebraic
openings (See [23]) are also perfectly valid. Granulometries
by area are an example of such algebraic granulometries. They
are briefly discussed at the end of Section 4.

One of the most important results proved by Matheron in [16]
is a characterization of granulometries based on morphological
openings [22]:

Theorem 3 (Characterization) Let B be a compact set of
IR™. The family I' = (yx)x>0 of openings by the homothet-
icsAB = {\b| b€ B},A >0, of Bis agranulometry if and
only if B is convex.

In practical terms, this theorem means that given a convex “pri-
mary grain” B, the family of openings with all the scales of B
is a granulometry.



Before we focus this paper exclusively on the discrete case,
two additional points need to be made:

e Everything that was said about granulometries so far ap-
plies to binary as well as grayscale images, in any dimen-
sion. From now on, for simplicity and readibility of this
paper, we focus on the 2-D case. However, the meth-
ods and algorithms described in the sequel extend to 3
or more dimensions, and can be restricted to 1-D signals.
Both binary and grayscale images are considered in the

paper.

e The type of granulometries considered until now are
sometimes referred to as “granulometries by openings”.
As often in morphology, dual operations can also be de-
fined. We refer to these as “granulometries by closings”
and use the following definition:

Definition 4 An increasing family ® = (¢)>o of clos-
ings, that is such that:

VAZ0,u20, AZp=>dr2¢  (6)

is a granulometry by closings.

Recall that a closing is defined as an operation that is
idempotent, increasing, and extensive [22, 23, 32]. In the
rest of this paper, we mostly consider granulometries by
openings. However, by duality, all the methods and algo-
rithms described here extend to granulometries by clos-
ings: specifically, performing a granulometry by closings
on an image is equivalent to performing a granulometry
by openings on its complement.

Let us now specifically move to the digital case: from now on,
all the transformations considered are acting on 2-D discrete
images. A discrete image I is defined as a mapping from a
bounded domain Dy, a (usually rectangular) subset of the dis-
crete plane Z?, into Z. A binary image is such that its pixel
values can only take value 1 (“ON” pixels) or 0 (“OFF” pix-
els). An equivalent representation for a binary image I is its
set of ON pixels. Therefore, we often refer to binary images
as sets of pixels in the discrete plane Z>.

In this context, a granulometry is a sequence of openings v,
indexed on an integer n > 0. By definition, each opening is
smaller than the previous one. In the binary case, this trans-
lates into:

VX CZ? Yn>m>0, ym(X)Cym(X). (7)
On the other hand, in the grayscale case, it means that:
VI, Yn>m >0, vu(I) < ym(I), (8)

Where v,,(I) < 7., (I) means that for any pixel p in domain
DIv ’Yn(I)(p) S 'Ym(I)(p)

The granulometric analysis of a set X (i.e., a 2-D binary
image) with respect to a granulometric family of openings
(7n)n>0 is often compared to a sieving process: X is sieved

through a series of sieves with increasing mesh size. Each
opening (corresponding to one mesh size) removes more than
the previous one, until the empty set is finally reached. The
rate at which X is sieved is characteristic of this set and pro-
vides a “signature” of X with respect to the granulometry
used.

In order to quantify the rate at which X is being sieved, a mea-
sure needs to be used for sets. Denote this measure by m(A),
for a given set A. In the vast majority of cases, m(A) is taken
to be the area of A, i.e., its number of pixels. In rare cases,
other measures, such as the number of connected components
in A, can be of interest. For details, see [4]. Given m, we can
now propose the following definition:

Definition 5 The granulometric curve or pattern spectrum
[14] of a set X with respect to a granulometry I' = (7,)n>0
is the mapping PSr(X) given by:

Vn >0, PSp(X)(n)=m(yn(X)) —m(ya-1(X)). (9)
By duality, the above definition extends to granulometries by
closings. Furthermore, pattern spectra can also be defined
for grayscale images: in this context, the measure m(I) of
a grayscale image I is usually taken to be the sum of its pixel
values, sometimes referred to as the “volume” of 1. From now
on, we exclusively use the area or number of pixels as a mea-
sure for binary images, and the volume or sum of pixel values
as a measure for grayscale images.

In practice, the most useful granulometries are based on open-
ings (or closings) with the homothetics of a simple convex
structuring element B. Typically, B is a line segment, a
square, or a hexagon. In such cases, we talk about “linear gran-
ulometries”, “square granulometries”, or “hexagonal granu-
lometries” respectively. Granulometries based on maxima of
openings with line segments at different orientations are also

commonly used.

Fig. 1 shows an example of granulometric analysis. The input
image, located in the top-left corner, is a binarized image of
coffee beans. Some of its openings with squares of increas-
ing size are shown in Fig. 1a, and the corresponding pattern
spectrum is shown in Fig. 1b. This pattern spectrum exhibits a
very well marked peak at opening size 20, corresponding to a
21 x 21 square. This can be interpreted as the dominant size
of the beans (as size of the largest square a bean can contain)
in this image. Granulometries therefore allow us to extract
size information without any need for prior segmentation: the
beans in this image exhibit significant overlap, yet their size
can be estimated without individually identifying each bean.
As we show later in the paper, this direct size estimation can
also be performed on gray images directly, with a high level of
efficiency.

Granulometries have been used for a variety of other image
analysis tasks, including shape characterization and feature ex-
traction [21, 34, 24], texture classification [3, 25, 8], and even
segmentation [7]. However, until recently, granulometric anal-
ysis involved performing a series of openings and/or closings
of increasing size, which is prohibitively expensive for most
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Figure 1. (a) Successive openings of Fig. 2a using squares
of increasing size as structuring elements. (b) Corresponding
granulometric curve, or pattern spectrum: the peak at size 20
is indicative of the typical size of the beans in this image.

applications, unless dedicated hardware is used. This is what
motivated the work reported in the present paper, where we
describe a number of new efficient granulometry algorithms.
In the next section, we first briefly review the literature on
granulometry algorithms. A comprehensive set of fast binary
granulometry algorithms is then proposed: section 2.2 is con-
cerned with the simple case of linear granulometries. We show
that their computation comes down to run-length extraction. In
section 2.3, more complex cases, such as granulometries with
squares, are discussed. The corresponding algorithms involve
the determination of granulometry functions, for which fast
new methods are proposed. Following the result in proposi-
tion 7’s result, pattern spectra are then derived by simple his-
togramming.

The grayscale case is considered next: in section 3, an ex-
tremely efficient method is proposed for computing linear
grayscale granulometries. The algorithm is orders of magni-
tude faster than previouly available techniques. It makes it
therefore possible to use granulometries where previously un-
thinkable. We illustrate this point by using this new algorithm
to efficiently extract size information directly from grayscale
images. The concept of an opening tree is then presented in
section 4: it provides a way to compactly encode all succes-
sive linear openings of a grayscale image. It forms the central
idea of a new set of algorithms for computing granulometries
with maxima of linear openings, as well as approximations of
square granulometries. The methods are again several orders
of magnitude faster than traditional techniques.

2 Binary Granulometry Algorithms

2.1 Background, Granulometry Functions

The literature on mathematical morphology is not short of al-
gorithms for computing erosions and dilations, openings and
closings, with various structuring elements, in binary and in
grayscale images. Reviewing them would be beyond the scope

of this paper. But no matter how efficient an opening algorithm
is, computing a pattern spectrum using a sequence of open-
ings of increasing size is a very time-consuming task given the
number of operations involved. Furthermore, since the size of
the structuring element increases with n, so does the compu-
tation time of the corresponding opening. Even if we assume
that the computation time of ~y,,(X) (n-th opening in the se-
ries) can be done in constant time (which is not always true
depending on the structuring element and on the opening al-
gorithm used), determining the pattern spectrum up to size n
using openings is still an O(n) algorithm.

By comparison, very few algorithms have been proposed for
the efficient computation of granulometries and pattern spec-
tra. Before the grayscale granulometry algorithms described
in the present paper were introduced in 1994 [30], all known
methods dealt with the binary case exclusively. These methods
all use granulometry functions as an intermediate step, so we
now briefly review this concept. Given a set X (binary image)
and a granulometry I' = (v,,)»>0 indexed on an integer pa-
rameter n, by definition (y,,(X))»>0 is a decreasing sequence
of sets:

Vn>m >0, 7, (X)Cym(X).

It is therefore possible to condense the representation of this
sequence of sets by mapping each pixel p of X to the size
n of the first opening that “removes” p. This defines a map-
ping from X to Z* called granulometry function, and often
referred to as opening function or opening transform). More
formally, the following definition can be proposed:

Definition 6 (Granulometry Function) Let I be a discrete
binary image defined on domain Dy, and let I' = (v,)n>0
be a granulometry indexed on an integer parameter n. The
corresponding granulometry function G (1) is defined by:

Vpe Dy, Gr(I)(p) =min{n > 0|, (I)(p) =0}. (10)
Obviously, for any n > 0, the threshold of G (X) above a
value n is equal to v, (X), the n-th opening of X:

(X)) ={p € X [Gr(X)(p) > n}.

The following property follows immediately and states that the
pattern spectrum can be obtained as the histogram of the gran-
ulometry function:

(11)

Proposition 7 The pattern spectrum PSr(X) of X for gran-
ulometry I' = (v, )n>0 Can be derived from the granulometry
function Gr (X)) as follows:

Vn >0, PSp(X)(n)=card{p|Gr(X)(p) =n}, (12)

where card stands for the cardinal (number of pixels) in a set.

An example of a square granulometry function is shown in
Fig. 2. The histogram of this granulometry function directly
provides the pattern spectrum previously shown in Fig. 1b.

Granulometry functions would be of moderate interest if it
weren’t for the fact that efficient methods exist to compute



Figure 2: (a) original binary image of coffee beans; (b) square
granulometry function of this image, in which dark regions
correspond to higher pixel value.

them. Let us now briefly review published granulometry func-
tion algorithms: the algorithm proposed by Yuan [35] for de-
termining binary square granulometries consists of first deter-
mining the quench function of the original set X. The quench
function maps each pixel p of the skeleton (medial axis) S x
of X to the size (radius) Sx (p) of the corresponding maxi-
mal square. An example is shown in Fig. 3 (See [26] for more
details on these concepts). In a second step, each pixel p of
the skeleton is replaced by a square centered at this pixel, with
size Sx(p), and gray-level Sx(p) + 1. The pixelwise maxi-
mum of all these squares provides the granulometry function
of X. While faster than a “brute force” approach to granu-
lometries, this algorithm still requires a significant amount of
image scans. In addition, the more complicated the image is
or the larger the objects in it, the longer this method takes.

Figure 3: Quench function of Fig. 2a, dilated for clarity (dark
pixels correspond to large values of the quench function).

Suprisingly, a better algorithm can be found in an earlier pa-
per by Lay [12], in which the author devotes a few lines to
the description of a sequential algorithm [17, 27] based on
the distance function [18, 2], and also using the granulometry
function as an intermediate step. This algorithm still provides
one of the most efficient implementations to date for binary
granulometries with structuring elements such as squares and
hexagons. The methods described in section 2.3 are very sim-
ilar to this algorithm and extend it to other types of binary
granulometries and granulometry functions.

The algorithm proposed in 1992 by Haralick et al [9] is at-
tractive in that it allows in principle to compute granulometry
functions with respect to any family of homothetic elements

(the base element or primary grain does not even have to be
convex). However, for simple structuring elements such as
squares, this technique is not as efficient as the one mentioned
in the previous paragraph, because its elementary steps (prop-
agation and merging of lists of “propagators”) are rather com-
putationally intensive, therefore relatively slow.

We now describe a new comprehensive set of fast binary gran-
ulometry algorithms. In their simplest form (i.e., when using
line segments as structuring elements for the underlying family
of openings), there is no need to use granulometry functions,
and the best methods simply rely on extraction and histogram-
ming of run-lengths in specific orientations (see Section 2.2).
Section 2.3 starts by covering the case of granulometries based
on maxima of linear openings, which requires the computation
of linear granulometry functions as an intermediate step. The
more complex 2-D case is discussed next and granulometry
function algorithms are described that offer a significant speed
advantage over other published methods.

2.2 Linear Granulometriesin Binary Images

Linear granulometries in binary images constitute the simplest
possible case of granulometries. Let us for example consider
the horizontal granulometry, i.e., the granulometry by open-
ings with the (L,,),>0 family of structuring elements, where:

L, = e o o ... o @
N—— —
n+1 pixels

(13)

From now on, we use the convention that the center of a struc-
turing element is marked using a thicker dot than is used for
other pixels. Note that the location of the center of the struc-
turing elements used has no influence on the resulting granu-
lometry.

Let us analyze the effect of an opening by L ,,, n > 0, on a dis-
crete set X (binary image). The following notations are used
from now on: the neighbors of a given pixel p in the square
grid are denoted No(p), N1(p),..., Nz(p), and the eight ele-
mentary directions are encoded in the following way:

321
4 ¢ 0

56 7 (14)

For a direction d € {0,1,...,7} and & > 0, we denote by
Nc(l'“) (p) the k-th order neighbor of pixel p in direction d:

N (p)=p, and k> 0= N (p) = NN (p),

(15)
The opposite of direction d is denoted d. For example, if d =
3,thend = 7.

Definition 8 The ray in direction d at pixel p in set X is given
by:

rx.a() = {N¥(p) |k >0andVv0 > j >k, N? (p) € X}.
(16)



With each pixel p € X, we also associate a run in direction d,
defined as the union of the rays in direction d and in direction
d.

Definition 9 The run in direction d at pixel p in set X is given
by:

Rx,a(p) = rx,a(p) Urx i(p)- (17)

The number of pixels in a run R will be called length of this
run and denoted by I(R).

The following proposition is immediate:

Proposition 10 The opening of X by L, denoted X o L,
is the union of the horizontal runs R x o(p) whose length is
strictly greater than n:

XolL,= U {Bx0(p) | l(Rx0(p)) >n}.
peEX

(18)

Therefore, any horizontal run of length n is left unchanged by
all openings with Ly, k& < n, and is removed by any opening
with Ly, kK > n. Hence, the corresponding pattern spectrum
PS, satisfies:

Vn >0, PSe(X)(n)=card{pe X |I{(Rx,0(p)) =n}.
(19)
An extremely efficient 1-scan horizontal granulometry algo-
rithm is easily derived from this formula:

Algorithm: horizontal binary granulometry

e Tnitialize pattern spectrum: for each
n>0, PS[n]+0

e Scan each line of image from left to
right.

e In this process, each time a run R is

discovered, do:

PS[l(R)] «+ PS[I(R)] + I(R);

In applications where directional information is of interest, this
algorithm provides a very useful and efficient way to extract
size information characterizing the image under study. Con-
sider for example Fig. 4a, which is a binary image of lamellar
eutectics. In [20], M. Schmitt proposed a variety of methods
for extracting the defect lines present in this image. Different
methods used different kind of information about this image,
and some required knowledge of the width of the lamellae.
This width can be accurately estimated by adapting the previ-
ous algorithm to the computation of linear granulometries at
+45 degree orientation (direction perpendicular to the lamel-
lae). The resulting pattern spectrum is shown in Fig. 4b, and
its peak at 3 indicates that the typical width of the lamellae is
of 3 pixels.

2.3 Granulometry Functionson Binary I mages

For non 1-D granulometries, the direct approach described in
the previous section becomes intractable. Consider for exam-
ple the case of a granulometry (v,,),>0 Where for each n, v,
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Figure 4: (a) Binary image of lamellar eutectics. (b) Its gran-
ulometric curve using line segments at +45 degrees orienta-
tion. This curve clearly indicates that the dominant width of
the lamellae is of 3 pixels.

is an algebraic opening defined as a the maximum of open-
ing with horizontal segment L,, and opening with vertical seg-
ment L;- (where L;- denoted the vertical equivalent of L,,).
For each pixel, it becomes necessary to know the size of the
horizontal run as well as the vertical run it belongs to.

Linear granulometry functions are therefore the required step.
Given the horizontal and the vertical granulometry functions of
X, the granulometry function of X corresponding to (v ,)n>0
of the previous paragraph is simply obtained as a pixelwise
maximum. More generally, the same is true for any two granu-
lometry functions, and the following proposition can be stated:

Proposition 11 LetI'' = (7;),>0 and I'? = (72),>0 be two
granulometries. Then, max (', T'?) = (max(7},72))n>0 is
also a granulometry and for any set X :

GIHB.X(F17F2) (X) = maX(GFI (X)7 Gr: (X)) (20)
Determining the linear granulometry function of a binary im-
age is a relatively straightforward task. Take for example the
horizontal case: like in the previous section, the principle of
the granulometry function algorithm is to locate each horizon-
tal run. But now, in addition, each run R also gets tagged with
its length [(R). This involves scanning the black pixels of the
image twice, and the white pixels only once. The resulting al-
gorithm is hardly more time consuming than the one described
in the previous section.

The case of truly 2-D binary granulometry functions is the next
level in complexity. In the rest of this section, we first focus
on granulometry functions G s (X) based on openings with the
homothetics of the elementary square S; then, we deal with the
case of granulometry functions G p(X') based on the elemen-
tary “diamond” shape D:

(21)

(Note that the center of structuring element D is located on the
bottom pixel of D instead of being at the geometric center.)
Together with the linear case, these granulometries cover the
vast majority of practical needs.



Like Haralick’s algorithm [9], the first step of the present
method consists of computing what some authors have called
a generalized distance function [1, 10]. Let B be an arbitrary
structuring element containing its center. Let & denote the tra-
ditional Minkowski addition operator [22] defined by

XoY={z+y|lzeX,yeY}, (22)

and let
nB=B®B®---d B
N———

n times

denote the structuring element “of size n”. Let also g denote
the erosion by structuring element B [22]:

es(X)=X o B.

Definition 12 The generalized distance function d g (X) with
respect to the family of structuring elements (nB),,>o assigns
to each pixel p € X the smallest & > O suchthatp & e, p(X):

dp(X)(p) = min{k > 0| p & exp(X)}. (23)

Generalized distance functions are determined using sequen-
tial algorithms that are straightforwardly derived from the
original algorithm proposed by Rosenfeld [17, 18]. When the
center of the structuring element is at the bottom-right corner
of element B (last pixel met in a raster-order scan of this el-
ement), the distance function d 5(X') can be computed in one
single raster scan. For example, in the case when B = S (see
Eq. (21)), the following algorithm can be proposed:

Algorithm: Generalized distance function with square S

e Input: binary image I of set X
e Scan I in raster order;
— Let p be the current pixel;
— if I(p)=1 (p is in X):
I(p)
min{I(Ni(p)),1(Ns(p)),I(N2(p))} + 1;

An example of a generalized distance function resulting from
this algorithm is shown in Figs. 6a-b. A way to interpret the
result is to say that, for each pixel p, if one was to trans-
late structuring element (ds(X)(p) — 1)S so that its cen-
ter coincides with p, this translated element—denoted p +
(ds(X)(p) — 1)S—would be entirely included in X. How-
ever, p + ds(X)(p)S would not be contained in X. We can
therefore state the following proposition:

Proposition 13 The granulometry function G ¢(X) is ob-
tained from the distance function ds(X) as follows:

Vpe X, Gs(X)(p) =
max{ds(X)(q) | p € (¢ + (ds(X)(q) — 1)5)}.(24)

In algorithmic terms, we can compute G s(X) by propa-
gating the value ds(X)(p) of each pixel p over the square
p+ (ds(X)(p) —1)S, and then by taking the pixelwise maxi-
mum of the values propagated at each pixel. This is illustrated
by Fig. 5.

X U\ PHA)()-1S

Figure 5: Givenaset X and a pixel p € X, p+ (ds(X)(p) —
1)S is the largest square included in X, with p being the
bottom-right pixel. For any pixel ¢ in this square, the value
taken by the granulometry function G s(X) at ¢ is greater or
equal to ds(X)(p)-

In the technique proposed by Haralick et al [9], this propa-
gation step is achieved via an anti-raster scan of the distance
function image, in which, at each pixel, a list of propagated
values is maintained. In the particular case of square granu-
lometry function G s5(X), computing the value at pixel p as
well as the list of propagated values at p requires a merging
of the lists of propagated values at pixels No(p), Ng¢(p), and
Nz(p).

This merging step turns out to be computationally expensive,
and in the case of the square granulometry function G s(X),
a less general, but much more efficient technique can be pro-
posed. This technique takes advantage of the fact that square S
can be decomposed into the Minkowski addition (See Eg. (22)
of the two elementary line segments E; and E»:

S:..: @o:
e O e @ [ J

E, & E, (25
It follows that the complex propagation step of the granulom-
etry function algorithm described in [9] can in fact be decom-
posed into two much simpler propagations, with substantial
gain in speed: the distance function extraction step is followed
by two linear propagation steps that are identical, except that
one propagates distance values leftward in each line, whereas
the other one propagates values upward in each column.

The algorithm for right-to-left propagation of distance values
is given below. Its principle is to propagate each pixel value
I(p) to the left I(p) — 1 times, or until a larger value v is found,
in which case the list of propagated values is reset to this new
value v. The algorithm maintains an array propag containing
the number of times each value remains to be propagated.

Algorithm: Left propagation of distance values of d s (X)

e Input: image I of the generalized
distance function ds(X);

do:

— Initializations: maxval <0
maximal value propagated) ;

e For each line of the image,

(current

— Scan line from right to left:
Let p be the current pixel;
If I(p)#0:
If I(p) > maxval:
maxval < I(p);

propag(I(p)] < I(p):



For +=0 to maxval, do:
propag[i] + propag[i] — 1;
maxval <~ largest ¢ <maxval such
that propag[i] >=0;
I(p) + maxval

A few implementation tricks can speed up computation by
substantially reducing the number of times the entire array
propag is scanned for each line. While their description
would be beyond the scope of this paper, note that in the opti-
mized algorithm, the propag array needs to be scanned only
in rare cases. For most pixels, only a comparison and an as-
signment are performed. Therefore, the resulting algorithm is
quasi-linear with respect to the number of pixels in the image,
and is almost independent of object size (see Table 1). Using
again the coffee bean image as running example, the result of
this propagation step is shown in Figs. 6¢—d, and the final gran-
ulometry function obtained after upward propagation in each
column is shown in Figs. 6e—f.
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Figure 6: Computation of granulometry function using square
structuring elements. (a) generalized distance function; (b)
level lines; (c) propagation of values from right to left; (d)
level lines; (e) final granulometry function; (f) level lines of
granulometry function.

This algorithm can be adapted for granulometry functions
with any structuring element that can be decomposed as a
Minkowski addition of the elementary line segments E,, Es,
E5, and E4 (See Egs. (25) and (26)). Furthermore, it extends
to the computation of hexagonal granulometry functions in the
hexagonal grid [12].

In addition, in square grids, the generalized distance function
dp(X) with respect to “diamond” structuring element D is
easily computed using an algorithm very similar to that pre-
sented for structuring element S. Unfortunately, D cannot
be decomposed as the Minkowski addition of elementary line
segments. The closest “approximation” is obtained with

* # e D e = B3 © E; (26)

and does not contain the central pixel of D! Therefore, starting
from distance function d(X) and using the propagation al-
gorithm in the Southwest-Northeast (SW-NE) direction, then
in the Southeast-Northwest (SE-NW) direction, results in an
incorrect propagation function, as illustrated in Fig. 7. Cor-
rect “diamond” granulometry functions can nevertheless be
obtained with this technique if SW-NE and SE-NW propaga-
tion steps are followed by a “hole-filling” step in which each
pixel p such that

is given value I(p)+1. An example of such granulometry func-
tion is shown in Fig. 8.

v

(@) (b) (© (d)

Figure 7: When using “diamonds” as structuring elements, the
two propagation steps of the granulometry function algorithm
(steps (b) and (c) above) need to be followed by a “hole-filling”
step (d).

Figure 8: Computation of granulometry function using “dia-
mond” structuring elements. (a) level lines of generalized dis-
tance function; (b) level lines of relief obtained after SW to
NE propagation; (c) level lines of final granulometry function

24 Summary on binary granulometry algo-
rithms

Table 1 summarizes the speed of these granulometry functions
on the 256 x 256 coffee bean image used as a running ex-
ample. We chose not to compare these timings with those of
traditional opening-based algorithms. The speed of the lat-
ter algorithms can indeed vary tremendously depending on the
type of implementation. Note however that for this coffee bean
image, which has approximately 30,000 black pixels, Haral-
ick’s algorithm [9] takes between 0.5s and 0.6s to compute
the square granulometry function shown in Fig. 6e, on a Sparc
Station 2. This workstation being between two and three times
slower than a Sparc Station 10, we can conclude that the algo-
rithm described in the present paper is between three and four
times faster.



Type of granulometry function  Execution time

horizontal 0.018s
max in 4 directions 0.207s
square 0.085s
“diamond” 0.094s

Table 1: Execution time of various granulometry function al-
gorithms on the 256 x 256 coffee bean image, measured on a
Sun Sparc Station 10 workstation.

3 Linear Grayscale Granulometries

Grayscale granulometries are potentially even more useful
than binary ones, because they enable extraction of informa-
tion directly from grayscale images. A number of theoretical
results have been published on them (see e.g. [11]); however,
until the algorithms described in the present paper were first
published [30], no efficient technique was available to com-
pute grayscale granulometries. These tools have therefore not
been used very much in practice. The methods proposed in
this section and in the next one aim to remedy this situation.
The focus of the present section is on linear granulometries, so
the algorithms described are directly applicable to 1-D signals
as well.

Like in Section 2.2, let us assume for simplicity that the line
segments used as structuring elements are horizontal (the al-
gorithm easily extends to any orientation). The structuring el-
ements considered are the L,,’s of equation (13).

Let us now analyze the effect of an opening by L, n > 0, on
a grayscale image I. Denote by N;(p) and N,.(p) respectively
the left and the right neighbors of a pixel p, and consider the
following definitions:

Definition 14 A horizontal line segment S, of length I(S)
n, is a set of pixels {po,p1,-..,pn—1} such that for 0 < ¢
n, pi = Np(pi—1).

Definition 15 A horizontal maximum A of length (M) =
n in a grayscale image I is a horizontal line segment

{Po,p1,---,Pn_1} such that:

Vi,0<i<mn, I(p;) =I(pp) and
I(Ni(po)) < I(po), I(Ny(pn-1)) < I(po). (27)

This notion is the 1-D equivalent of the classic regional maxi-
mum concept [13]. The study of how such maxima are altered
through horizontal openings is at the basis of the algorithm de-
scribed in the present section. Denote by I o B the standard
morphological opening of an image I by a structuring element
B. The following proposition holds:

Proposition 16 Let M = {po, p1,-..,pn—1} be a horizontal
maximum of I, of length /(M) = n. Letp € M.

Vk <mn, (1o Li)(p) = I(p), (28)
fork=n, (IoL,)(p)=max{I(Ni(po)),I(Nr(pn-1))}29)
Vk > n, (Lo Li)(p) < I(p). (30)

That is, any opening of I by a line segment L, suchthatk < n
leaves this maximum unchanged, whereas for any k£ > n, all
the pixels of M have a lower value in I o L, than in I. Fur-
thermore, we can quantify the effect of an opening of size n
on the pixels of this maximum: the value of each pixel p € M
is decreased from I(p) to max{I(N;(po)), I(N.(pn-1))}. In
granulometric terms, it means that the contribution of max-
imum M to the n-th bin of the horizontal pattern spectrum
PSy(I) is:

n x [I(p) — max{I(Ni(po)), I (Nr(pn—1))}]-

This is illustrated in Fig. 9.

(31)

Maximum M

Figure 9: Horizontal cross section of I with a maximum M.
The shaded area, of volume (h — k") x (M) shows the local
contribution of this maximum to the I(M)-th bin of the hori-
zontal pattern spectrum.

In addition, the local effect of the horizontal opening of size
n on maximum M results in a new “plateau” P of pixels be-
ing created at altitude max{I(N;(po)), I(Ny(pn—1))}. This
plateau contains M and may or may not be itself a maximum
of I o L,,. Ifitis, we say that P is part of the maximal region
R(M) surrounding maximum A/, and we can now compute
the contribution of P to the I(P)-th bin of the pattern spec-
trum, etc.

Following these remarks, the principle of the present grayscale
granulometry algorithm is as follows: horizontal lines of I are
considered one after the other and scanned from left to right.
Each horizontal maximum M of the current line is identified,
and its contribution to PSo (I)(I(M)) is determined. If it turns
out that after opening of size I(M), the new plateau formed
is still a maximum, the contribution of this maximum to the
pattern spectrum is computed as well. The process is iterated
until the plateau formed by opening is no longer a maximum,
or until it becomes equal to the entire scanline considered. The
next maximum of the current line is then considered, etc. This
process is illustrated in Fig. 10.

Specifically, the algorithm works as follows, on each scanline:

Algorithm: horizontal granulometry for a line of image I

e ITnitialize pattern spectrum: for each

n>0, PS[n]«+ 0

e For each maximum M of this line (in any
order) do:
— Let P+ M be the current maximum
considered

— While P is a horizontal maximum, do:
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Figure 10: Illustration of a horizontal grayscale granulometry algorithm for a line with two maxima. In this case, maxima
were scanned from left to right. Processing maximum 1 resultsin bins 4, j, and k of the pattern spectrum being incremented.
While processing maximum 2, binsm and n are first incremented, then the algorithm skips over the already processed maximal
region, and bins p and ¢ are incremented. The maximal region around maximum 2 isthe entire line.

p < Ni(P), neighbor of P to the
left;
pr < N.(P), neighbor of P to the
right;
n < [(P), length of horizontal
maximum P;
Add contribution of maximum P to
n-th bin of pattern spectrum:
PS[n] «
pS[n] +n x (I(P) — max(I(p), I(pr)));
For any pixel p in P:
I(p) <~ max(I(p:), I(pr));
P < new plateau of pixels formed
after opening of size n of P;

— Put special marker on left and right
of current plateau P so that while
processing subsequent maxima, we
already know that this region is a
plateau and can skip over it;

Note that this algorithm is inherently recursive: once a maxi-
mal region R has been processed, all of its pixels are regarded
as having the gray-level they were given by the last opening
considered for R. In practice though, there is no need to phys-
ically modify the values of all the pixelsin R: keeping track
of the first and last pixels of R is sufficient, allowing the a-
gorithm to efficiently skip over already processed maximal re-
gions (see Fig. 10). Thanks to this trick, the algorithm only
considers each image pixel twice in the worst case.

This algorithm was compared to the traditional opening-based
technique. For the latter, a fast opening algorithm was used,
whose speed is proportional to the number of pixelsin theim-
age and (almost) independent of the length of the line seg-
ment used as structuring element. Asillustrated by table 2, the
new algorithm described in this section is orders of magnitude
faster.

The speed of thisnew algorithm opens up arange of new appli-
cations for grayscale granulometries. Traditionally, the prac-
tical problems addressed by granulometries had to do with ei-

Traditional  Proposed algorithm

204s 0.248s
204s 0.206s

Image a
Imageb

Table 2: Execution time of traditional opening-based tech-
nique and of proposed algorithm for the computation of a
grayscale granulometry with horizontal line segments, com-
puted for size 1t0 512. The 512 x 512 weld images of Fig. 11
were used for this comparison, done on a Sun Sparc Station
10.

ther texture discrimination or with feature extraction for object
recognition. In the first case, either computation time was not
an issue, or the discrimination task could be performed off-
line. In the second case, granulometries were computed on
very small images (e.g. characters), so that computation time
could remain reasonable.

With the algorithm described in this section, it becomes pos-
sible to use grayscale granulometries more systematically.
These tools indeed provide an efficient and accurate way to
extract global size information directly from a grayscale im-
age. Extracting thisinformation is sometimes a goal by itself;
but this size estimation can also be essentia to calibrate the
parameters of, e.g., an image segmentation algorithm, thereby
greatly enhancing the robustness of the algorithm.

Figs. 11a-bareusedtoillustrate how grayscal e granulometries
can be used to estimate size information®. These figures repre-
sent welds at a high magnification. The quality of these welds
is related to the size, shape, and organization of the light pat-
terns observed in Figs. 11a-b. To estimate the size of the typ-
ical patternsin each image, linear granulometries were used,
both in the vertical and in the horizontal direction. The result-
ing pattern spectra are shown in Figs. 11c-d. First, one can
observe that the horizontal granulometric curve is very simi-
lar to the vertical one; we conclude that the patternsin images

L Images gracefully provided by CMIS, CSIRO, Australia.



1laand 11b do not have any preferential orientation. Second,
the curvesin Fig. 11c exhibit a well-marked peak for size 4,
whereas the peak of the curves in Fig. 11d is found for size
12. We conclude that the typical width and height of the pat-
ternsin Fig. 11laand in Fig. 11b is of 4 pixels and 12 pixels
respectively. Additionally, Fig. 11d shows that the distribution
of patternsizesin Fig. 11bisalot wider thanin Fig. 11a.

@
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Figure 11: Using linear grayscale granulometries to estimate
object size without prior ssgmentation. Curve (c) clearly indi-
cates that the dominant width and height of the white patterns
in image (a) is 4 pixels. Similarly, curve (d) shows that the
dominant width/height of the patternsin (b) is 12.

Another example is shown in Fig. 12. Images 12a and 12b
show X-rays of a healthy lung and of alung exhibiting signs
of silicosis, respectively. Silicosisis a medical condition also
known as “miner’s disease”. These two images look very dif-
ferent from atexture point of view, though it would be hard for
a segmentation algorithm to specifically extract the “objects”
that make image 12b different fromimage 12a. Essentially, the
former image shows a very smooth texture while the latter is
scattered with white nodul es, which makesthe texture rougher.
Grayscale granulometries are the instrument of choice for dis-
criminating between these two types of textures. To that end,
M. Grimaud, author of the original (unpublished) study, had
used grayscale granulometries by openings and closings with
squares. The resulting pattern spectra for both X-ray images,
shown in Figs. 12a-b, are extremely different from one an-
other. However, in order to unambiguously discriminate be-
tween these two images, expensive grayscale granulometries
with sgquares are not necessary: using the algorithm presented
here to extract horizontal grayscale granulometric curves is
just as effective, as shown in Fig. 12d, and is orders of mag-
nitude faster. Note that this would not necessarily be true in
more complex cases, and 2-D granulometries, or even granu-
lometries using grayscale structuring elements, remain essen-
tial.

(a) X-ray of healthy lung

o
Heaty lung —— T ey g
Diseeoad ung -~ /... Diseesalung ———

o
15 0 s o s 0 15 2 20 15 10 5 [ 5 o 15 2

(c) Square granul. curves (d) Linear granul. curves

Figure 12; Example of texture differenciation using grayscale
granulometries by openings and closings. The pattern spectra
of image (@) and image (b) are completely different, whether
linear or square granulometries are used. The curves in (C)
and (d) are such that positiveindices correspond to granulome-
tries by openingswhereas negativeindices correspond to gran-
ulometries by closings.

4 Opening Trees and Grayscale Gran-
ulometries

In order to deal with more complicated cases, we now intro-
duce atechnique that can be seen as a grayscale generalization
of the concept of granulometry functions. When performing
openings of increasing size of abinary image, each “on” pixel
p isturned “off” for an opening size given by the value of the
granulometry function at pixel p. In other words, the gran-
ulometry function encodes for each pixel the successive val-
ues it takes for increasing opening sizes, specificaly in this
case, a series of 1’s followed by a series of 0’s). Similarly
for grayscale images, as the size of the opening increases, the
value of each pixel decreases monotonically. That is, for a
granulometry I' = (v, ), >0, agray image I and apixel pin I:

I(p) =) (p) 2 n)(P) = ()P > ...

Given this sequence of numbers, the granulometric contribu-
tion of p can be derived straightforwardly. So if this sequence
of numberswas available for any pixel p in I, the correspond-
ing pattern spectrum would be easily derived.

Unfortunately, even if it were possible to compute such lists
of values quickly, assigning one to each image pixel would
require a huge amount of memory. A more compact represen-
tation therefore needs to be designed, that takes into account
theintrinsic “redundancy” of opened images, characterized by
their large plateaus of pixels. Such a compact representation
cannot easily be designed for any kind of opening. However,
if we again consider linear openings and the associated linear



granulometries, an elegant solution can be proposed to both
the problem of computing these lists of values, and the prob-
lem of storing them compactly. By extension, as mentioned at
the end of the present section, the technique proposed below
can be applied to granulometries based on connected openings
and closings[19].

Let M be a horizontal maximum of image I, with atitude
(grayscale) h. We pointed out in the previous section that a
horizontal opening of size [(M) of M takes all of its pixels
down to a new value h'. Beyond this, the following proposi-
tion can easily be proved:

Proposition 17 Letn > 0, I agrayscaleimagesuchthat I =
IoL, 1.Then,for everypixel pinI:

(IoLyn)(p) <I(p) =
Jhorizmaximum M, (M) =nandp € M. (32)

Therefore, at opening n in the sequence, the only pixels af-
fected are those which belong to maxima of length n. Fur-
thermore, al the pixels belonging to the same maximum M,
[(M) = n, will be affected in the same way for any opening
of size greater than or equal to n. Thelist of decreasing values
we wish to associate with each pixel in M can therefore “con-
verge” into one single list at size n. For larger opening sizes,
thislist may itself be merged with other lists, etc.

Another way to explain thisis as follows: given any two pix-
elsp and ¢ online L of image I, if we repeatedly open I with
line segments of increasing length, at some point, p and g will
become part of the same “plateau” of pixels. As soon as this
happens, p and ¢ will always have the same value for any sub-
sequent opening in the series, so the lists of values taken by
these two pixels through openings of monotonically increas-
ing size can be merged past this point. This is illustrated by
Fig. 13.
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Figure 13: Linear openings of increasing size (0 through 5)
on an image line represented by its cross-section. As soon as
pixelsp and g become part of the same plateau of pixels, which
here happens for opening size 1, the values taken by p and ¢
for subsequent opening sizes are identical.

In addition, in all practical cases, the series ((1 o L,,)(p)),,>o
of valuestaken by p through successive openingsexhibitslarge
plateaus of constant value. In other words, for any given open-
ing sizen, thereisarange[n1, ns] of sizes, n; < n < ng such
that:

VYm,ni1 >m >na, (IoLy)(p)=(oL,)(p).

In practice, such plateaus tend to get wider and wider with
increasing opening sizes. So to represent ((1 o L,)(p)),,>o
more compactly, we can simply keep the list of opening sizes
n such that (I o L,)(p) < (I o L,—1)(p), together with the
associated opening value (I o L) (p).

We now exploit the two previous remarks through the novel
concept of an opening tree [30], which is central to the algo-
rithms described later in this section. With each imageline, a
tree T' is associated such that:

e Theleaves of T' are theimage pixels.

e Thenodesaremadeof pairs (h, n), where h isagrayscale
valueand n is an opening size.

Every pixel that can be reached by going upwards in the tree
starting from node (h, n) is such that its value for the opening
of size n is h. Conversely, starting from a pixel p, successive
pars (hy,n1), (he,n2),..., (hi,n;),..., arereached by going
down towards the root of the tree. Reaching a pair (h;,n;)
meansthat for opening sizen ;, thevalueof pisequal to h;. By
convention, for any pixel p, (ho,no) = (I(p),0). In addition,
the following relationship holds:

Vi>0, h;>hi and ng <nigq. (33

Now, one can easily verify that for n > 0, the value of the
opening of sizen of I at pixel p isgiven by:

(IoLy)(p) =hj, wherejissuchthatn; <n < n;;.

(34)
Such trees efficiently exploit the redundancies described ear-
lier. They can be extracted using an algorithm very similar to
the one described in the previous section: the only difference
isthat instead of dynamically updating a granulometric array,
we now build opening trees. An example of an opening treeis
shownin Fig. 14.

Figure 14: Opening tree representation of the image line of
Fig. 10. The leaves of this tree (marked by e) correspond to
the image pixels.

Opening trees provide a hierarchical description that can be
used to compactly represent all the horizontal openings of a
grayscale image. In this respect, this notion is a grayscae
equivalent of the granulometry function (See Section 2.3). One
can provethat, in the worst case, the opening tree has one node
per image pixel. In practice though, only 0.3 to 0.9 nodes per



pixel are needed depending on the complexity of the image
processed.

Any horizontal opening of I can be straightforwardly derived
from its opening trees (one tree per scanlineg). In addition, the
horizontal pattern spectrum of I, PS;(I), can be computed
from T asfollows:

Algorithm: horizontal granulometry of I fromits opening
tree representation

e Tnitialize each bin of pattern spectrum
PSy(I) to 0;
e For each pixel p of I do:
— v 1I(p);
— (h,n) < node pointed at by p;
— While (h,n) exists, do:
PSh(I)(n) < PSp(I)(n) + (v —h);
v+ h;
(h,n) + next node down in tree;

This agorithm is obviously less efficient for horizontal
grayscale granulometries than the one proposed in Section 3.
However, it easily generalizes to the computation of granu-
lometries using maxima of linear openingsin several orienta-
tions. For example, to determine the granulometric curve cor-
responding to maxima of horizontal and vertical openings of a
grayscaleimage I, the following approach should be used:

1. Compute the set of “horizontal opening trees” of I, that
is, extract an opening tree description for eachimageline.
After this step, each pixel of I becomesthe leaf of a hor-
izontal opening tree, and the successive values taken by
this pixel through horizontal openings of increasing size
are obtained by following the tree down to its root.

2. Compute the set of “vertical opening trees” of I, thereby
describing each image column as an opening tree.

3. For each pixel p of I, follow the associated horizontal
opening tree T’ and vertical openingtreeT> down to their
respective roots, computing the desired values along the
way and updating the pattern spectrum PS(I).

Specifically, thislast step is accomplished by using the follow-
ing algorithm:;

Algorithm: granulometry of I from opening treesT'; and T,

e initialize each bin of pattern spectrum
PS(I) to 0;
e for each pixel p of I do:
— v« I(p);
— (h1,m1) « node of Ti pointed at by p;
— (h2,n2) + node of T» pointed at by p;
— while (hi,n1) and (h2,n2) exist, do:
size < max(ni,n2);
while n; < size and (hi,n1) exists
do:

(h1,n1) ¢ next node down in Ti;
while no < size and (h2,n2) exists
do:
(h2,n2) < next node down in Th;
PS(I)(size) «
Ps(I)(size) + (v — max(hi, h2));
v < max(hi, h2);

The same technique extends to any number of opening trees.
The whole granulometry algorithm (extraction of trees fol-
lowed by computation of the pattern spectrum from these
trees) is once again orders of magnitude faster than traditional
techniques, as illustrated in Table 3. In this table, a granu-
lometry by maximaof linear openingsin four orientationswas
computed. In terms of memory, the computation of this par-
ticular granulometry requires, in the worst case, 1 pointer (4
bytes) and 1 node (8 bytes) per pixel, for each orientation. This
comes to a total of 48 bytes/pixdl, i.e., a worst case scenario
of 12 Megabytesfor a512 x 512 image. Thisis a reasonable
tradeoff given the speed of the algorithm, and is not astrain on
modern systems.

Traditional New algorithm

13mn 44s 2.973s
13mn 24s 2.780s

Imagea
Image b

Table 3: Execution time of traditional opening-based tech-
nique compared to present algorithm for the computation of
a granulometry by maxima of linear openings in 4 orienta-
tions. Like in Table 2, the 512 x 512 weld images of Fig. 11
were used for this comparison, done on a Sun Sparc Station
10. Granulometrieswere computed for opening sizes 1 to 512.

The algorithm given above can be easily adjusted to the com-
putation of pseudo-granulometries by minima of linear open-
ings. Although minima of openings are not themselves open-
ings[16], minimaof openingswith line segments of increasing
length do constitute a decreasing family of image operators.
The resulting pseudo-granulometric curves often characterize
similar image features as square granulometries would.

The extraction of these pseudo-granulometriescan be done ex-
actly as outlined earlier, except that step #3 in the algorithm
(extraction of granulometric values from opening trees) needs
to be adjusted. The following algorithm should be used. It can
also be extended to work with any number of opening trees:

Algorithm: pseudo-granulometry of I from opening trees 7',
and Ts

e initialize each bin of pattern spectrum
PS(I) to 0;

e for each pixel p of I do:
— v I(p);
— (h1i,n1) « node of Ti pointed at by p;
— (h2,n2) « node of T» pointed at by p;
— level; < hi;
— levels < h2;



— while (hi,n1) OR (h2,m2) exist, do:
size < min(ni,n2); (n1 if (h2,ne2)
does not exist, and vice versa) ;
if (h1,n1) exists and size =mn; do:
level; <« h
(h1,n1) ¢ next node down in Tj;
else:
level; < +o©
if (h2,n2) exists and size =n» do:
levels < ho
(h2,n2) « next node down in T ;
else:
levels + 400
PS(I)(size) «
PS(I)(size) + (v — min(levely, levely));
v < min(levely, levely);

Together with the linear granulometries described in this sec-
tion, these pseudo sguare granulometries have been very suc-
cessful as one of the feature sets used to characterize plankton
in towed video microscopy images? [5, 24]. As an illustra-
tion, Fig. 15 shows four different images of copepod oithona
and their corresponding pattern spectra, for agranulometry us-
ing openingswith squares. These curvesare al relatively flat,
exhibiting a single well-marked maximum, between size 5 and
10, which correspondsto the size of the body of the organisms.
By contrast, the same granulometric curves for the pteropods
shown in Fig. 16 are entirely different, climbing sharply to a
strong maximum, reached for a size between 10 and 20. To-
gether with other structural and shape-based features, these
pattern spectra are used as input to a sophisticated classifier,
which currently discriminates between 5 different types of or-
ganisms with over 90% accuracy. The ultimate goal of the
project is to be able to classify more than a dozen different
kinds of organismswith over 90% accuracy. For more details,
refer to [24].

Let us conclude this section by generalizing opening trees
(resp. closing trees) to other forms of openings (resp. clos-
ings). The reason we were able to condense the information
contained in the successive linear openings of an image line
into an opening tree is that, once two pixels become part of the
same plateau (also known as “flat zone™), they are dways part
of the same plateau for any subsequent opening size. There-
fore, beyond linear openings, any granulometry based on two-
dimensional openings that preserve flat zones lends itself to
an opening tree representation. These openings are sometimes
called connected openings[19].

More formally, given an image I, cal plateau of I any con-
nected set of pixels P (usually 4-connected or 8-connected)
such that for any two pixelsz and y in P, I(z) = I(y). The
following can be stated:

Proposition 18 LetI" = (v, ),>0 beagranulometry based on
connected openings, that is, such that for any n > 0, for any
image I:

P connected plateau of I

2The support of the Office of Naval Research, through grant NO0014-93-
1-0606, is gratefully acknowledged for the plankton study.
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Figure 15: Pattern spectra of copepod oithona
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Figure 16: Pattern spectra of pteropods



= P connected plateau of ~y,,(I). (35)

Then the decreasing image sequence (7, (I)),,~, can be rep-
resented as an opening tree. -

Note that this result extendsto NV-dimensional images. In par-
ticular, it means that the methods and al gorithms presented in
the present section, as well as in Section 3, extend to these
connected granulometries. Granulometries by area, that is,
granulometries based on area openings or closings [28] are a
specific example of connected granulometries. The area open-
ing algorithm proposed in [29] can be easily combined with
the methods described in the present paper to enable compu-
tation of area granulometries. However, the practical use of
these operations remains unclear.

5 Conclusion and Future Work

Although the concept of granulometry was introduced over
three decades ago, the computation time required to extract
granulometric curves made it impossible to use granulome-
tries for most practical applications, even using today’s pow-
erful computers. The main goal of the present paper was to
remedy this situation by proposing a comprehensive set of ef-
ficient granulometry algorithms. The improvement provided
by some of these new methods went beyond original expecta-
tions, with speed gains of three orders of magnitude or more
in some cases.

The efficiency of the algorithms described here make it now
possible to use morphological granulometries on a routine ba-
sis. Furthermore, these techniques open new areas of appli-
cation for these tools. For example, they can be used to di-
rectly extract global estimates of object size in grayscale im-
ages without need for any segmentation or binarization. Ex-
tracting such information can be agoal initself, but it can also
be essential to calibrate the parameters of subsequent image
analysis algorithms to be applied, thereby enhancing overall
system robustness. Numerous examples of applications were
shown in the paper, illustrating the usefulness of granulome-
tries for such tasks as size estimation, feature extraction, and
texture characterization and segmentation. These new algo-
rithms, and their useful new applications, should contribute to
popularize the use of granulometriesfor a growing number of
image and signa analysis problems.

One of the key concepts proposed here is that of an opening
tree: such structures were shown to provide a compact repre-
sentation for the successive openings of a grayscale image by
line segments of increasing size. They are at the core of the al-
gorithm proposed for grayscale granulometries with maxima
of linear openings. In addition, opening trees provide a way
to extract pseudo-granulometries by minima of openings with
line segments at different orientations, which can be used to
approximate square granulometries. Finally, opening trees and
derived algorithms can be extended to the fast computation of
“connected” granulometries, and to novel local granulometric
transforms, such as adaptive openings and size transforms, as
described in [31, 33].

Undoubtedly, the spectrum of powerful image representation
schemes provided by opening trees remains to be fully ex-
ploited. Our expectation is that opening trees could be used
on the one hand to speed up computation of a number of stan-
dard morphological transforms, and on the other hand to derive
new useful image operators. A very interesting and challeng-
ing open problem remains: isit possible to generalize opening
trees into “opening graphs” or other structures that would en-
able compact representation of any granulometric sequence of
openings for grayscale images? Hopefully, a solution to this
problem will be proposed soon, thereby extending the reach of
present methods to the full spectrum of commonly used gran-
ulometries, in particular grayscale square granulometries.
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